Abstract. The first one hundred zeros of the error function and of the complementary error function are given. An asymptotic formula for the higher zeros is also derived.
Introduction.
The complementary error function is defined as
(1) Erfc(z) = -7-/ <f'" dt = 1 -erf(z).
Closely associated with the above is the function w(z) defined by (2) wiz) = e~'2 Erfc(-fe), which has been studied and tabulated by numerous authors ( [1] , [2] , [4] , [5] ). In certain physical problems relating to plasma instabilities, the function í-kXI2w<z), often referred to as the "plasma dispersion function," is of importance. The function in this form has been tabulated by Fried and Conte [3] *, together with its first derivative, and, in this context, the zeros of the function play an important role. These zeros, which are symmetrically located with respect to the imaginary axis, lie entirely in the octants of the lower half-plane 2x > arg z > lir/A and 5ir/4 > arg z > ir and approach asymptotically the lines y = -x and y = x, respectively. Zeros of the ordinary error function have been computed previously by Salzer, but, to date, no extensive tabulation of the zeros of the complementary error function is known. Approximate values of the first two can be found from the altitude chart in [1, p. 298 ].
Properties of the Function wiz). By definition, it is clear that (3)
Hz) = wi-z);
tv(-z) = 2e~' -wiz).
From the above relations, it is possible to find vv(z) in the entire complex plane from its value in the first quadrant. In particular,
,.s. 00 w(-x + iy) = wix + iy);
(b) wix -iy) = 2e~{x~iy)* -wix + iy).
The following limiting forms are also evident:
wQy) = e" ErfcQO; (5) ,. ,x , \ -x' i Z.I -x, I ¡a wix) = e -\-T72Ê / e dt.
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The last integral is sometimes called "Dawson's integral." For x = y, wix + iy) is expressible in terms of the Fresnel integrals
Some integral representations for wiz), in addition to the one given by Eq. (1), are
The real part of w(z) as defined by Eq. (9) is often referred to as the "Voigt function" and is of importance in astrophysics. The function w(z) may also be represented by the following continued fraction:
T1
Vt l_z -
as well as by the well-known power and asymptotic series for the error function. It is noted that neither the asymptotic series nor the continued fraction is valid if z is in the lower half-plane. In this region, the function must be computed from Eq. (4)(b). In Eq. (14), the magnitude of w can be approximated for large \z\ by the first term of the continued fraction:
This gives
Hence,
For a more precise estimate, we set (18) x = X + a + p, y = X-a + q.
From Eq. (14), we then get, with the assumption that \p « 1, X^ « 1,
whence, using (16),
Thus,
Also, from Eq. (12), Using the addition formula for the tangent,
To approximate arg(w) adequately, we need two terms of the continued fraction: Hence, equating the right sides, and solving
This gives the approximations
Values obtained from the above approximation agree with the exact values to 3 figures for n = 0 and to at least 8 figures for n > 50.
It may be noted that the form of the three term asymptotic approximation to the roots of the more general equation w(z) = ae~*' (a real and positive) is identical to Eq. (30) except that the logarithmic term is replaced by ln(a(2x)1/2X). In particular, the choice a = 1 gives the corresponding asymptotic approximation to the roots of erf(z) « 0, tabulated in [6] .
Improvement of the Values Obtained by the Asymptotic Approximation.
The approximate values given by the asymptotic approximation (30) may be used to obtain more accurate values by a method suggested by Salzer [6] .
For convenience, we introduce the function yip) = \/irwiip)/2. This function satisfies the differential equation (31) dy/dP = 2py -1 or (32) dp/dy = \/i2py -1). Now, let pn be a zero of yip), and p an approximation to p". Then, in the vicinity of p, we may expand pn into a power series in yip):
Substituting (33) into (32), we get The accompanying table lists the first hundred zeros of w(z) and of erf(z). In computing these, values of w(z) were obtained by numerical integration of Eq. (9). The error estimate for this type of quadrature is given by the Poisson summation formula. The resulting formulae are essentially the same as Salzer's (see [7] , [8] ).
For n ¡> 5, only the first three terms of (37) are required, and for n ^ 0 at most four terms are needed, except n = 0, where the fifth term contributes 2 units in the last figure of the real part. Comparison of the first ten of the values obtained for the zeros of erf(z) with those given by Salzer [6] disclosed only two discrepancies, one amounting to one unit in the tenth figure of the real part of the second zero and the other to one unit in the tenth figure of the imaginary part of the eighth one.
